Recently the issue of EPR-like correlations in the mutual probability of detecting neutrino together with accompanying charged lepton has received a new impetus. In this paper we describe this effect using the propagators of the particles involved in the Schwinger's parametric integral representation. We find this description more simple and more suitable to the purpose than the usual momentum-space analysis. We consider the cases of monochromatic neutrino source, wave packet source, and neutrino creation in a localised space-time region. In the latter case we note that the space-time oscillation amplitude depends on the values of the neutrino masses, and becomes rather small for large relative mass differences (mass hierarchy). We obtain the expressions for the oscillation and coherence lengths in various circumstances. In the region of overlap our results confirm those of Dolgov et al. [1] PACS number(s): 14.60.Pq * Permanent address.
Introduction
Space-time oscillation of neutrino flavour [2, 3] is considered to be the most promising effect observation of which might indirectly establish nonzero neutrino mass. By its very nature it requires spatio-temporal description of the processes of neutrino creation, propagation and detection, and of the similar processes that occur with the accompanying particles. Such a description has been performed in [4] and further developed in [5, 6] without ambiguities that sometimes accompany noncritical use of neutrino flavour eigenstates.
Recently [7, 1] the issue of EPR-like correlations in the mutual probability of detecting neutrino together with an accompanying charged lepton has received a new impetus. (It was previously considered in [4] .) In order to simplify derivation of the basic effects the authors of [1] combined together descriptions in the configuration space and in the momentum space, of the same relevant processes, using simultaneously such mutually exclusive notions as sharp wave packets in momentum space and definite space-time a posteriori trajectories of particles. EPR-like experiments of the type to be discussed below were also considered in [8] . In this paper the authors also adopted a simple approach using the action values on the particle classical trajectories to evaluate the relevant phase factors in the probability amplitude. Although the results obtained in such a simplified approach are correct, they also might call for a more careful derivation. This will be the aim of the present paper.
In this paper we try to analyse the phenomenon in a consistent way using the propagators of the particles involved in the Schwinger's parametric integral representation (see Eq. (3) below). We find this description more simple and more suitable to the purpose than the usual one which employs propagators in momentum space representation. This latter involves rather complicated momentum integrations (see, e.g., [5, 9] ) and, it seems, frequently obscures the physical picture of the phenomenon. Our treatment will be general and will contain the analysis of the EPR-like experiments of detecting neutrino together with the accompanying charged lepton, as well as the standard textbook examples of neutrino flavour space-time oscillations.
After preliminaries in the following section, in Sec. 3 we consider the case of a monochromatic neutrino source and the probability of mutual detection of the neutrino and of the accompanying charged lepton. In Sec. 4 the effect of wave packet neutrino source is analysed. We obtain the expressions for the oscillation and coherence lengths in various circumstances. The case of neutrino source in a localised space-time region will then be considered in Sec. 5. In this case the space-time oscillation amplitude depends rather strongly on the values of the neutrino masses, and becomes rather small for large relative mass differences (neutrino mass hierarchy). We summarise our results in Sec. 6 
Preliminaries
Throughout this paper we consider a process in which neutrino is created together with accompanying charged lepton, and afterwards both particles are detected. The charged weak currents lO α ν are involved in the description of this process, where O α = γ α (1 + γ 5 ), and
The amplitude of creation of a l-ν pair at space-time point x is proportional to O α J α S (x), with J α S (x) being the source current responsible for this process. In the case of pion we would have
, where φ π (x) is the pion wave function. The charged lepton produced at space-time point x c in a flavour state a can propagate to space-time point x l , and the neutrino to space-time point x n , at which points these particles may be detected. At the space-time point x n one may detect neutrino-induced charged lepton production of flavour b. The amplitude of such a process in which neutrino and the corresponding antilepton are created will contain the factor
where U ja is the unitary matrix of neutrino mass-flavour mixing amplitudes, U † bj is its Hermitean conjugate, a and b numerate flavours, j numerates the neutrino mass eigenstates, S j and S a are, correspondingly, the Feynman propagators of neutrino mass specie j with mass m j and of charged lepton flavour a, and J β D is the current involved in the neutrino detection process, localised around the space-time point x n . The total amplitude that will describe the detection of charged lepton and neutrino events will contain, besides the factor (1), also positive and negative energy wave functions of different finite particles involved in the detection process. These factors are of particular nature and are of no relevance to the main topic of this paper, hence will be omitted. Due to these factors, as well as, in typical cases, due to the positive-frequency character of the source, the integration region over x c in (1) will be effectively restricted to the causal past of both points x n and x l .
The Feynman propagator S(x, y) ≡ S m (x − y) for the Dirac field of mass m has the form
where D m (x) is the Feynman propagator for the Klein-Gordon field of mass m. This propagator has the following parametric integral representation (first considered by Schwinger, Dyson and Feynman in the papers collected in [10] )
where x 2 = x · x = x α x α is the Lorentz interval squared. The factors of type O α in the amplitude Eq. (1) will have an effect that in the neutrino propagator the term proportional to a unit matrix will not contribute, and only that proportional to the Dirac gamma matrices will remain. This general property is due to the equality O α O β = 0. Thus in (1) we can replace S j (x n , x c ) byS j (x n , x c ) ≡S m j (x n − x c ), wherẽ
Monochromatic source
In this section we investigate the case of a monochromatic source current J α S (x) that can arise, for instance, in the process of pion decay. Let
with constant four-momentum p. In the case of pion we would have
, where φ π (x) is the pion wave function. We make notation
In the amplitude (1) we represent the propagators using (2)-(4), first perform integration over x c , then over the parameters λ l and λ n that appear in the representation (3), respectively, for charged lepton and neutrino propagators. The integral over x c is Gaussian, prefactors are obtained by taking partial derivatives with respect to x l and x n according to (2) , hence it can be evaluated exactly, the remaining integral over λ l , λ n will be afterwards evaluated in the stationary phase approximation.
Consider the integral over x c of one of the terms in the sum of (1). The phase in the exponent of the integrand will stem from the expression (3) for propagators, and from the source current in (1). It will be given by
Its extremal point is determined from the equation
We also have for the matrix of the second derivatives
so that integration over x c will produce a factor
where φ * is the value of the phase φ at the extremal point:
Now consider the integral over the λ's. It will be evaluated in the stationary phase approximation. The phase of the integrand is given by
where m l and m n are the masses, respectively, of charged lepton and of neutrino. The stationary point is determined by differentiating (12) using (11), or, by the equivalent conditions in the convenient form obtained using (7) and (8),
and by Eq. (8) . From (13) we have
so that
where p l and p n are the four-momenta of the charged lepton and of the neutrino respectively at their registration points. Then Eq. (8) expresses the energy-momentum conservation law, the condition from which the extremal point x c with extremal λ's can be easily found.
Now we need the matrix of the second derivatives of Φ over λ's at the extremal point. Differentiating the identity (8) we find
and
Let
be the effective mass of the source. In the case of pion decay this will be equal to the pion mass m π . In a realistic case
Below we will see [cf. Eq. (30)] that in the limit m n → 0 the extremal values of λ's given by (14) remain finite. Thus we can approximate the determinant of the matrix ∂ 2 Φ/∂λ i ∂λ j by its limit as m n → 0. The result is det
Therefore the integral over λ's will produce a factor
where Φ * is the extremal value of the phase Φ, which is given by
with x c being the extremal point of φ at extremal values of λ's -the solution to (8), (13).
Using the extremality conditions we easily find
from which it follows that
Note that the four-momenta p l and p n lie in the plane formed by the four-vectors p and x nl , and are determined by energy-momentum conservation.
Combining together the factors calculated (10) and (23) and using (26) we obtain the expression for the amplitude (1) in the case of monochromatic source i e
where
Note that the coordinate-dependence of the current J S (x) has transformed to the phase of (27). Also note that the extremal values of λ's as well as the four-momenta p l and p n under the sum (27) depend on the neutrino specie j.
The extremal values of λ l and λ n given by (14) can be easily determined from the kinematics of the problem. Let us denote by t and by d correspondingly the time difference and the absolute spatial distance between the events x n and x l in the rest frame of the source [in which p α = (m, 0)], and by v l and v n the velocities, respectively, of the charged lepton and of the neutrino in this frame (see Fig. 1 ). In the rest frame of the source one has
where E l and E n are the energies, respectively, of the charged lepton and of the neutrino in the frame considered. In this notation the amplitude (27) will acquire the form i e By the way, from the expressions (30) it is clear that the extremal values of λ's remain finite in the limit of m n → 0, as was stated above.
We shall now discuss the applicability limits of the stationary phase approximation used. For this purpose it is convenient to introduce distances d l and d n by
The quantity d l is the spatial distance in the source rest frame between the point x l of charged lepton detection and the extremal point x c , d n has the same meaning for neutrino, and (see Fig. 1 )
The values of d l and d n can always be inferred from d and t by using (32). Then from (30) it follows
Our approximation will be good when the extremal values of λ's are much larger than their dispersions determined by the matrix ∂ 2 Φ/∂λ i ∂λ j . Using (34) and (17)- (19) we obtain after straightforward analysis the conditions
under which our approximation is valid. They imply also the condition
which is quite reasonable.
In the limit of (21) the energy-momenta p l and p n change relatively very slightly with the neutrino mass specie j. In this case the space-time behaviour of the l-ν pair detection probability is given by
where p j and p k are neutrino four-momenta of mass species, correspondingly, j and k, ∆p jk = p j − p k , and ϕ jk are constant phases that stem from the product of matrices U and U † . The second sum in the square brackets of (37) describes space-time oscillations of the probability.
From Eq. (37) one obtains the oscillation length and oscillation time of the probability considered. In the source rest frame of reference one has
where approximation uses the fact that neutrino is highly relativistic, and
Thus, oscillation length L osc and oscillation time T osc of the (jk)-component of (37) in this frame of reference are given, respectively, by
is the standard expression. To proceed to any other reference frame what one has to do is to transform the four-vector components ∆p α jk obtained in (38) to this new frame. The expressions (40) and the relevant expressions in the laboratory frame of reference have been obtained in [1] .
If one of the particles, charged lepton or neutrino, is not observed, then the probability of detecting the other one is uniform in space and time. This is quite obvious without any calculations and is due to the fact that the pair creation probability for a monochromatic source is homogeneous in space and time. If neutrino is not detected, oscillations in the charged lepton detection probability disappear also due to orthogonality of neutrino mass eigenstates. This last cause will operate with any type of source, not necessarily monochromatic. A detailed discussion of these issues is presented in [1] .
Wave-packet source
In realistic situations the source of neutrinos can often be approximated by a wave packet with sharp energy and momentum distribution (therefore small relative energy-momentum spread). Let us suppose that in the rest frame of the source the spread in the coordinate space is σ x , in momentum space σ p , so that σ x σ p ∼ 1. The source has also finite coherence time, in the case of pion this will be determined by its lifetime, or by its collision time with the environment. Typically, however, the time spread σ t of the wave packet is much larger than its spatial spread and the latter will determine most of the interesting effects.
First of all let us analyse in a little more detail the effective region of integration over x c in (1) in the case of monochromatic source considered in the previous section. In other words, it is the region of constructive interference. The extension of this region in space-time is determined by the matrix (9) for given values of λ's, and by the variation of λ's that are determined by (17)-(19). Using also (16) and (34) it is not difficult to obtain the estimate of the linear dimensions δx c of the effective region of integration as
Now let us turn to the case of a wave-packet neutrino source. If the source spatial and temporal spread is sufficiently large, namely, if
then we can use the expressions from the previous section for the detection probability amplitude whenever the effective region of integration over x c lies well within the source wave packet. Due to (42) the conditions (43) essentially imply
For different neutrino masses m j and m k the corresponding centres x j and x k of the integration region in x c are different. The shift four-vector ∆x jk = x j − x k lies in the plane of the four-momenta p l and p n , and can be decomposed into components ∆ l x jk and ∆ n x jk that go, respectively, along the directions of p l and p n . These components can be easily estimated. Using Eq. (28) we obtain for the time components (approximation uses v n ≈ 1 and ∆v l , ∆v n ≪ v l , v n )
where ∆ jk is given by (39). The distances d l and d n then change as
For large enough absolute values of ∆t jk = ∆ l t jk + ∆ n t jk and/or ∆d l the centres x j and x k will not be able to lie within the source wave packet. This will determine coherence lengths of the detection probability oscillations in various cases.
In the case
we have ∆d l = 0, and the shift ∆x jk is in the temporal direction in the source rest frame. For sufficiently large d n the absolute value of the shift ∆t jk becomes larger than the extension σ t of the source wave packet in the temporal direction. This determines coherence length L c -the largest value of d n at which oscillations can be observed. In the case considered (48) it is determined by using (45) and (46) as
with L given by (41). The condition (44) necessary for our approximation, will imply that the formula (49) is valid for
Equation (48) implies rather special experimental coincidence conditions. In a less special case
the second term in the last expression of (47) dominates. In this case the coherence length will be determined by the condition that either |∆t jk | becomes larger than σ t , or/and |∆d l | becomes larger than σ x . Using (45) and (47) we obtain in this case
The condition (44) will determine the validity limit of (52) to be [see Eq. (40)]
The case
can describe the situation when the momentum of the charged lepton is measured to a good accuracy by measuring its time of flight. Its analysis is quite similar to that of the previous cases. The oscillations in the probability will disappear at the length
and the analysis is valid as long as the estimate (44) is fulfilled, what gives
In the essentially opposite case
even if the accompanying charged lepton is not observed the neutrino flavour oscillations can be observed relative to the source spatial position. Indeed, when integrating (37) over x l we notice that only in a small region of x l the probability (37) will be nonzero. This will be the region for which the extremal value of x c lies within the wave packet of the source. The linear dimensions of this region are similar to σ x m/E l , hence (57) follows. Then, after integration over x l the phases of the oscillatory terms in (37) will be fixed and their dependence on the value of x n will remain. Detection of neutrino alone is the case most frequently discussed in the literature.
Consider this effect more thoroughly. The phase ∆p jk · x nl in the oscillating term in the probability (37) can be written in terms of the distances d l and d n introduced in (32). Choosing the z-axis in the direction of p n in the source rest frame one will have
Taking into account the values ∆E jk = ∆ jk /2m, ∆|p| jk = −∆ jk E l /2mE n and using (32), one obtains the standard result
Remarkably, the phase does not depend on d l . This fact can also be explained as follows. If d n is fixed and d l is changing, this means that the four-vector x nl changes (by amount δx nl ) in the direction of the charged lepton's four-momentum p l (this is clear from Fig. 1 ). Then the oscillation phase change is ∆p 
Source in a localised space-time region
Consider a process in which neutrino, together with a charged lepton, is created around a fixed space-time point x c . The probability amplitude of detecting neutrino-induced charged lepton production of flavour b at the space-time point x n will contain the factor
if the charged lepton created together with the neutrino at point x c is of flavour a.
The propagatorS m (x) of Eq. (4) has the asymptotic behaviour
Hence, oscillations in the neutrino detection probabilities can develop in space and time around x n only when m j x 2 nc > ∼ 1 at least for the largest of the neutrino masses, sincẽ S j (x nc ) do not differ for different j in the opposite limit m j x 2 nc ≪ 1. Consider, therefore, the case of m j x 2 nc ≫ 1 for all j. In this limit the amplitude (60) up to one and the same factor will be given by
Note the mass-dependence of the coefficients in the last equation. The space-time variation of the probabilities of the corresponding processes will be given by
where ∆m jk is given by (39), and ϕ jk are constant phases that stem from the product of matrices U and U † . The last term in the equation (64) describes space-time oscillations of the probabilities.
As an illustration consider mixing between two mass eigenstates ν 1 and ν 2 , with two flavour eigenstates ν µ and ν e . Let, for definiteness, m 1 > m 2 ,
and let neutrino be created in a flavour eigenstate ν µ . The corresponding probabilities of detecting muon and electron events at x n will be
where ∆m = m 1 − m 2 . The last terms in the square brackets in the equations (66) and (67) describe space-time oscillations of the probabilities. Due to mass-dependence of the coefficients in these expressions the amplitude of oscillations will be suppressed if m 2 ≪ m 1 , and cos θ is not too small.
The conditions m j x 2 nc ≫ 1, together with the asymptotic form (61) of the propagator, imply that all the mass eigenstate neutrinos ν j arrive at the space-time point x n practically as on-mass-shell particles, with four-velocity u = x nc / x 2 nc . In the opposite limit m √ x 2 ≪ 1 the Feynman propagator has the asymptotic behaviour (62) independent of mass. Then, for instance, in our example of two neutrinos, in the region m 2 x 2 nc ≪ 1 ≪ m 1 x 2 nc , which exists in the case of large relative mass difference, m 2 ≪ m 1 , one obtains
The equations of this section will apply to the situation when neutrino creation region is restricted in space and time in such a way that δ ∆m (x n − x c ) 2 < ∼ 1, where δ means variation of x c over the creation region. Since the phase ∆m (x n − x c ) 2 is symmetric with respect to x n ↔ x c interchange, this means that the creation region is to be restricted in space and time by the oscillation scales at the point x n . These scales will be determined by the four-momentum difference ∆p = ∆m x nc / x 2 nc , with fixed four-vector x nc / x 2 nc which is the neutrino four-velocity u at the detection event x n .
Within the model of two neutrinos considered above we will have
where p 1 is the four-momentum of the heavier neutrino mass specie. In the case of close neutrino masses, ∆m ≪ m 1 , the oscillation length and time will be given by
where L is given by Eq. (41). Then the equations (66), (67) will be valid as long as
In the case of mass hierarchy, m 1 ≫ m 2 we have
where E 1 is the energy of the heavier neutrino. The equations for the probabilities in this case are valid for
Due to incoherent distribution of the sources in realistic situations (in a supernova, the Sun, atmosphere, or in the reactor) the probabilities (66)-(69) will be averaged over the sources and the oscillatory terms are likely to disappear. Whenever this is the case, the probabilities will describe the so-called global effects of appearance-disappearance of neutrino flavour species, and will look like
in the case m j x 2 nc ≫ 1, and
in the case m 2 x 2 nc ≪ 1 ≪ m 1 x 2 nc , where ζ is given by (70). As an example, let us make estimates for the cases of solar and supernova neutrinos. We take all the data from the book [3] . In the case of solar neutrinos σ x ∼ σ t ∼ 10 −7 cm , E n ∼ 10 MeV .
With ∆ 12 = m 
Since E −1 n ∼ 10 −12 cm, in the case of mass hierarchy the formulae of this section will not work.
For supernova neutrinos from the core σ x ∼ σ t ∼ 10 −14 ÷ 10 −13 cm , E n ∼ 100 MeV ,
so that E −1 n ∼ 10 −13 cm, the condition (76) will be fulfilled and the formulae of this section will be applicable.
For supernova neutrinos from the neutrino sphere σ x ∼ σ t ∼ 10 −9 cm , E n ∼ 10 MeV ,
in the case of mass hierarchy the expressions of this section will not be applicable. In the case of close neutrino masses for ∆ 12 = m 
for which the relevant expressions of this section will apply.
In connection with the above examples we must note that the probabilities (66)-(69) will refer to neutrinos as they appear from the source. Subsequent neutrino scattering off the particles of the solar or supernova media will result in the well-known Mikheyev-SmirnovWolfenstein effect (see [2, 3] ), which is not considered in this paper.
Summary
In this paper we treated the problem of neutrino flavour oscillations by consistently using space-time description of the relevant processes of particle creation and subsequent detection.
We described the EPR-like experiments of detecting neutrino together with the accompanying charged lepton, as well as the standard textbook examples of neutrino flavour space-time oscillations, without invoking a priori the notion of particle trajectories. From our analysis it is also clear why in fact it is possible to use such a notion. The effective integration region (the region of constructive interference) in the probability amplitude (1) over the space-time point x c of particle creation is localised around the place determined by particle classical trajectories, and the contribution to the phase of the amplitude comes mainly from the action along these trajectories. In the case of wave packet neutrino source our treatment enabled us to obtain in a rather simple way the coherence lengths of the oscillations. We also considered the case of neutrino source strongly localised in space and time and in this case found out dependence of the probability oscillation amplitude on the neutrino masses.
